ABSTRACT A unified framework for bridging the power allocation (PA) strategies of single carrier (SC) and orthogonal frequency division multiplexing (OFDM) systems is proposed through the hybrid carrier (HC) scheme based on weighted-type fractional Fourier transform (WFRFT). The performance analyses of multiple indicators are easily achieved in the proposed framework, and the expected performances could be obtained according to the flexible WFRFT order. The closed BER expressions of arbitrary PA strategies in the HC scheme are derived and verified by the simulations, where the equal gain PA and minimum mean square error (mmse) PA are given as the examples. Compared with the OFDM and SC systems, the tradeoff between BER, achievable rate, and peak-to-average power ratio is achieved in the HC system. In addition, an approximate minimum bit error rate method through joining the PA and subcarrier allocation is investigated in the HC scheme as a generalization of the proposed framework. Considering the novel structure, the dynamic threshold could be established in the HC scheme, and thus the tradeoff between BER and complexity is obtained in comparison with the OFDM and SC systems. In order to illustrate the antiinterference characteristics of the proposed HC framework with PA, the BER performance with insufficient cyclic prefix is investigated. The better BER performance is captured in the HC system with the proposed mmse PA strategy.
I. INTRODUCTION
Power allocation (PA), as one of the most important resource management methods, has been extensively investigated in various contexts due to its prominent contribution. As the uplink and downlink waveforms of LTE, single carrier (SC) frequency domain equalization (FDE) and orthogonal frequency division multiplexing (OFDM) with PA have attracted much attention in [1] - [4] . For the most recent years, the PA strategies have been combined with a variety of novel techniques, such as the cognitive radio, relay communications, full-duplex and power domain non-orthogonal multiple access (NOMA), to meet the requirements of 4G and 5G. In addition, the power allocation is always combined with the subcarrier allocation (SA) [5] - [8] in the downlink OFDM system, relay networks and cellular networks. However, the waveforms are restricted to the OFDM or SC in these scenarios.
As given in [9] , the performance metrics of the allocation strategies in the OFDM system always include bit error rate (BER), sum rate and fairness, and thus there is a contradiction between the minimum bit error rate (MBER) and maximum rate criterions in case of no discarded subcarriers. Specifically, the water-filling assigns more power to the stronger channels to achieve a channel capacity maximization, whereas the minimum BER is implemented through distributing more power to the weak channels. In [10] and [11] , some PA strategies of the OFDM system are proposed, including the equal gain (EG) PA, minimum mean square error (MMSE) PA and approximate minimum bit error rate (AMBER) PA. The performances of the SC and OFDM systems with different PA strategies are compared, but not unified under the same framework. In the SC-based systems, the PA strategies for maximizing the system rate with a total power constraint are investigated in the cognitive radio system [12] , full-duplex system [13] , NOMA system [14] , [15] , and LTE-advanced networks [16] . A flexible transmission scheme is proposed in [17] to achieve a switch between the SC and multicarrier (MC) schemes. The optimal PA (both BER and achievable rate) of the SC scheme with the zero forcing (ZF)/MMSE receiver is derived and the water-filling solution is employed for the OFDM system. However, the hybrid form is not really achieved. On one hand, the fusion of SC and MC is not truly achieved because no tradeoff scheme is proposed or considered. On the other hand, the PA strategies of the SC and MC systems are not unified, because the optimal PA of the SC could not be achieved in the OFDM system and the water-filling strategy does not apply to the SC system.
With the emergence of HC based on weighted-type fractional Fourier transform (WFRFT), there seems to be an opportunity to achieve a merger and tradeoff of the MC and SC. As a result of the strong compatibility, the techniques in the MC and SC systems are also available in the HC scheme such as the spectrum precoding, channel estimation and linear equalization [18] . Compared to the MC and SC schemes, the performance advantages of the HC scheme could be found in the narrow-band interference system [19] , doubly selective fading channels [20] , [21] and carrier frequency offset system [22] . In addition, the WFRFT could be employed in the generalized frequency division multiplexing (GFDM) system as a precoder [23] to generalize the waveform and improve the performances such as the BER and peak to average power ratio (PAPR). Therefore, as a flexible waveform controlled by the WFRFT order, the HC scheme meets the demands for the combined performance analyses of multiple indicators and achieves an interactive adjustment for the diverse scenarios with potential practical applications.
The main contributions of this paper are described as follows:
• The PA strategies of the SC and OFDM systems are unified in the HC framework, and the theoretical BER of the HC framework with an arbitrary PA strategy is derived, where EG PA and MMSE PA are given as the examples. The tradeoff performance between BER, achievable rate (AR) and PAPR is obviously achieved in the HC scheme.
• An AMBER method is proposed to generalize the HC-PA framework through combining the PA and SA strategies. The dynamic threshold of discarding the subcarriers with weak channel conditions is put forward in the HC framework and determined by the flexible WFRFT order. Compared to the OFDM and SC systems, the performance tradeoff between the BER and complexity is obtained in the HC scheme.
• The anti-interference characteristic of the HC framework with the insufficient cyclic prefix (CP) is firstly investigated. Compared to the OFDM and SC systems, the better BER performance is obtained in the HC scheme combined with the proposed MMSE PA strategy due to the flexible WFRFT order. The remainder of this paper is organized as follows. In Section II, we introduce the definition of WFRFT and give the HC system model. The theoretical BER and AR of the HC system with the arbitrary PA strategy is derived in Section III. In addition, the MMSE PA and AMBER PA strategies are also illustrated in this section. The performance of the proposed HC-PA framework with the insufficient CP is given in section IV. Simulation results are provided in Section V and we conclude this paper in Section VI.
II. HC SYSTEM A. WFRFT
The α order WFRFT is defined as a linear summation of the discrete time signal x(n) and its discrete Fourier transform X (n), expressed as
where x(−n) and X (−n) are the reversed form of x(n) and X (n), respectively. The weighted parameters are denoted as
where q = 0, 1, 2, 3. As given in (2), the form of weighted coefficients is not unique, but conjugate. The sign ± in the exponential function denotes the rotation direction of coefficients in a complex plane as the increasing of α. Thence, we can use the + in a counterclockwise direction or − in a clockwise direction to calculate the w q (α), and the common choice is the +. Particularly, (1) could be simplified
In addition, the WFRFT matrix W α could be obtained according to (1) and (2), shown as
where shift matrix is given as 
B. BER IN HC SCHEME
As shown in Fig. 1 , the HC framework based on WFRFT with frequency domain equalization is put forward, which is also regarded as an α order WFRFT precoded OFDM system with
Therefore, the proposed framework could be simplified to the OFDM system at α = 0 or the single carrier with frequency domain equalization (SC-FDE) system at α = 1, respectively. In the HC system, we account that the signal is transformed into frequency domain after the α order WFRFT, and thus the input signal is assumed in 1 − α order fractional domain. Then the received signal after the fading channels could be expressed as
where v is the additive white Gaussian noise with variance σ 2 v and s denotes the transmitted signal, respectively. After the FDE, the signal at the receiver is given bŷ
where the CP is assumed to be sufficient and thus the channel matrix H could be transformed into a circulant matrix H t by the CP. Then the circular H t is diagonalized by Fourier matrix
are the eigenvalues of H t , and the other entries of equal 0. N represents the number of subcarriers. Note that, the operations of adding and removing the CP are simplified in (6) and (7) . At the receiver, the ZF equalization G = −1 is employed to alleviate the channel interference. At α = 0 of (7), the noise power of ith subcarrier in the OFDM system is shown as
Similarly, the noise power of each symbol of the SC system at α = 1 is expressed as
Therefore, the weighted noise power on the ith subcarrier of the HC scheme is
where 2 . W mc and W sc denote the MC and SC components of the HC system, respectively. As a result of the properties of the weighted parameters shown in (2), there is W mc + W sc = 1. Thus the BER expression of the M -QAM modulation HC system is derived as (11) where
. γ = E savg /N 0 denotes the signal to noise ratio (SNR) and E savg represents the average signal power of each modulated symbol. For the squared M -QAM, there is E savg = E bavg · log 2 M , where E bavg denotes the average energy per bit. The formula (11) can be simplified to the theoretical BER expression of the OFDM system at α = 0 or the SC-FDE system at α = 1, respectively. The (11) also shows the closed-form BER with known channel state information. If we only obtain the statistical characteristics of the channel, the BER of the HC system can be calculated as
where
p(γ b ) denotes the probability density of γ b , which can be calculated according to the known probability of the channel and formula (13). VOLUME 6, 2018
C. MERITS OF HC SCHEME
The intuitive advantage of the HC scheme is the adjustable WFRFT order to satisfy the diverse performance requirements. The flexible waveform is necessary for the complex and independent circumstances, such as the machine-type communication (MTC) and ultra reliable low latency communication (URLLC). The OFDM and SC waveforms are considered as the extreme cases of the HC scheme and the seamless switch between the OFDM and SC systems is achieved in the HC framework. The bit energy distributions of the SC, MC and HC systems have been shown in Fig. 2 . As a result, the OFDM system suffers the poor performance with carrier frequency offset and Doppler shift. Correspondingly, the SC system is obviously affected by the time offset and multi-path interference. Compared to the OFDM and SC systems, the HC scheme has a coordinated bit energy distribution controlled by the WFRFT order, which makes it avoid the performance disadvantages of the sole energy distribution. This characteristic could also be found in the other waveforms. In the GFDM system [24] , multiple subsymbols are carried on one subcarrier and thus it has the robustness against the doubly selective fading channels and synchronization errors [25] , [26] . As a result of the flexible order and coordinated energy distribution, the anti-interference characteristics of the HC scheme have been investigated. The HC scheme has a stronger robustness to the narrow-band interference [19] and doubly dispersive fading channels [20] , [21] . The better BER performances are captured in comparison with the OFDM and SC systems. In addition, this merit of HC could also be seen in other time-frequency misaligned scenarios such as transceiver asynchronization and insufficient CP.
Therefore, the merits of the HC scheme could be summarized as follows:
• Flexible waveform with adjustable WFRFT order;
• Seamless altering between the SC and OFDM systems; • Coordinated energy distribution; • Robustness to diverse interference. In this paper, the flexible HC waveform is used to unify the PA strategies of the OFDM and SC systems. The tradeoff BER, PAPR and AR performances are obtained in the proposed HC scheme with PA. Furthermore, the HC merits are demonstrated in case of the insufficient CP. Due to the coordinated energy distribution, the HC has the robustness against the interference generated by the insufficient CP, and the BER gain is highlighted with the proposed MMSE PA.
III. HC SYSTEM WITH PA
The HC framework with PA is also depicted in Fig. 1 and the latter could be simplified to the former if the PA is not utilized. Since the proposed PA strategy is achieved in frequency domain, it is placed after the α order WFRFT module. Also, the proposed system is reduced to OFDM with PA at α = 0 or SC-FDE with PA at α = 1, respectively. After the fading channels, the received signal of the HC system with PA could be expressed as
where the PA matrix P is a diagonal matrix with
. Then the signal at the receiver is given byŝ
and it is reduced to (7) at P = I.
A. BER IN HC SCHEME WITH PA
According to the linear combination characteristic of the HC scheme in (10), the noise variance of the HC scheme with PA in (15) is derived as
) Therefore, the theoretical BER of HC system with PA and M -QAM modulation can be calculated as
For an arbitrary PA strategy of the HC system with the arbitrary WFRFT order, we can derive the analytical BER expression by (17) . For instance, the EG PA tries to pretreat the channel gains of the subcarriers so that all gains are equal. The expression of the EG PA is shown as
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After the EG PA, the channel gains of MC, HC and SC systems are the same. The BER of the HC system with EG PA is derived as
Therefore, the BER of HC framework with EG PA is the same as that of the SC system without PA.
B. MBER PA IN HC SCHEME
From (17), the solution of the HC system with MBER PA can be calculated through
subject to
Taking the QPSK modulation for example, the solution can be obtained through the Lagrange multipliers, and the cost function is expressed as
The p 2 i could be denoted by θ through computing ∂J α /∂p 2 i = 0 and finally obtained from (21) . However, as a result of the complicated expression in (22) , the optimal solution for the MBER criterion can not be directly obtained.
C. MMSE PA IN HC SCHEME
Fortunately, the solving process in (20) could be divided into two parts, i.e. the PA strategies of the SC and MC systems, respectively. Therefore, the results in [10] and [17] can be employed to obtain the suboptimal solution in the HC scheme.
The theoretical BER expression of the SC system with an arbitrary PA strategy is obtained at α = 1 of (17), and thus the optimal PA of the SC system is obtained via
Referring to the solving process in (22) , the cost function is given asJ
In fact, (24) is a simplified solution of (22) 2 . Finally, the optimal PA of the SC system is derived as
For the OFDM system, although the PA could be combined with the SA, the solution of the MBER criterion has not been proposed through J 0 of α = 0 in (22) . However, a suboptimal MBER strategy, called MMSE PA, is given in [10] . The solution of the MMSE PA is obtained through minimizing the MSE of the OFDM system, given as
. (26) Comparing (26) with (23), the solution of the MMSE PA in the OFDM system equals to that of the optimal PA in the SC system, and thus there is p 2 i,MC−MMSE = p 2 i,SC−OP . Now we obtain the same PA solution in the OFDM and SC systems, and thus it can be used in the HC scheme as a suboptimal MBER PA method. Following the label of the OFDM system, the suboptimal method in the HC scheme could be called MMSE PA, expressed as
Substituting (27) into (17), the theoretical BER of the HC scheme with MMSE PA and M -QAM modulation is derived as
The (28) could be simplified to the OFDM system with MMSE PA at α = 0 or the SC system with optimal PA at α = 1, respectively. Consequently, due to the suboptimal MMSE PA of the MC and optimal PA of the SC, the proposed MMSE PA method is a near-optimal strategy of the HC scheme under the MBER criterion.
D. AMBER PA IN HC SCHEME
In (18) and (27) , the EG and MMSE are the PA strategies without giving up subcarriers. However, in some cases such as the subcarrier allocation, the subcarriers with weak channel VOLUME 6, 2018 conditions are abandoned to obtain the better performance. Now, it is necessary to use the linear combination characteristic of the HC system to generalize the case in (27) , and then the HC framework with PA and SA is gradually clear. As given in [10] , an AMBER PA method of the OFDM system is obtained through approximating the objective function J 0 in (22), shown as
whereγ = 0.5γ is given in [27] for QPSK modulation. Actually, (29) is a combined PA and SA strategy of the transmitter. After the allocation, some subcarriers with p 2 i,MC−AMBER < 0 are discarded. As a result, another PA is carried out for the remaining subcarriers until all the allocated power satisfies the threshold.
On the contrary, for the SC system with the optimal PA given in (25) , the allocated power on each subcarrier is constantly positive, i.e. p 2 i,SC−OP > 0, and thus no subcarriers are discarded. Since the HC scheme is constituted by the MC and SC components, the power on each subcarrier of the HC scheme could be obtained through the summation of the allocated power of the two components with different PA strategies. Therefore, according to the linear combination characteristic of the WFRFT, the allocated power of the HC scheme with the AMBER PA strategy is derived as
where (x) + = max{0, x}. As shown in (30), the allocated power is related to the WFRFT order. At α = 0, it can be simplified to the extreme case of the OFDM system with AMBER PA, and the number of abandoned subcarriers is the most. With the increase of α from 0 to 1, some positive power from the SC components is added to the discarded subcarriers, and the proportion of the allocated negative power is also reduced with the MC components decreasing. As a result, fewer subcarriers are abandoned with the increase of the SC components. Finally, it can be simplified to the extreme case of the SC system with the optimal PA at α = 1, and no subcarriers are discarded due to the allocated positive power on each subcarrier. Therefore, the discarded subcarriers are decided by the proportion of the MC and SC components, i.e. the WFRFT order. According to adjustability and flexibility of the WFRFT order, the dynamic threshold for abandoning the weak subcarriers could be obtained in the HC scheme. The dynamic threshold in the HC scheme not only implements a smooth transition between the OFDM and SC systems, but also achieves the performance tradeoff with the flexible WFRFT order. According to (30) , the constraint of the available subcarriers of the HC scheme with the AMBER PA is expressed as p 2 i,HC−AMBER >0, and there is
Therefore, compared to the OFDM system with the AMBER PA strategy, more subcarriers could be used in the HC scheme for transmitting data due to the contained SC components. In addition, fewer iterations are required to calculate the useful subcarriers at each γ , and thus the computational complexity is reduced in the HC scheme. In the SC system, no subcarries are discarded and thus the lowest complexity is obtained. Conversely, since all the subcarriers are used, the BER performance is inevitably deteriorated due to those subcarriers with weak channel conditions. Therefore, a performance tradeoff between the BER and complexity is achieved in the HC scheme with a dynamic threshold. In addition, the mechanism of (30) could also be exploited in solving the maximum system rate problem of the HC system. The decision threshold of the water-filling principle in HC scheme is determined by the proportion of MC and SC components.
E. AR IN HC SCHEME
For OFDM, the achievable rate (in bit/s/Hz) is averaged among all the subcarriers, expressed as
Correspondingly, the AR of SC is simplified due to the same SNR of all the subsymbols,
Note that, the maximum AR criterion equals to the MBER criterion for SC. Thus we account the solution in (25) as the optimal PA strategy of the SC system. Combining (32) and (33), the AR of HC is derived as
which is a generalized form of the AR in OFDM and SC systems. According to (17) , the AR of HC with the arbitrary PA strategy is derived as
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Substituting (27) into (35), the AR of the HC scheme with the MMSE PA is obtained as
The expression (36) could be reduced to the AR of OFDM with the MMSE PA at α = 0 or the AR of SC with the optimal PA at α = 1, respectively.
IV. HC SYSTEM WITH INSUFFICIENT CP
CP is always added between the data blocks to make the transmitted signal free from the inter-block interference (IBI). However, the overlong CP has a significant impact on the bandwidth efficiency. Therefore, the BER performance of OFDM with insufficient CP has been investigated in [28] - [32] . In the HC scheme, the BER performance is also distinctly deteriorated due to the introduced interference for the insufficient CP. According to (6) , the received time domain signal of the kth data block in the HC scheme is expressed as
TheH is an N × N circulant matrix, and its entry at the mth row and nth column is [
denotes the channel impulse response with the length L + 1. In addition, there is
The length of the CP is assumed to be insufficient with µ < L. A and B denote the introduced N × N inter-carrier interference (ICI) and IBI. If there is µ ≥ L, the ICI and IBI could be completely eliminated, i.e. A = 0 and B = 0. After the FDE, the received signal is derived aŝ
In this case, channel matrixH could also be diagonalized as the eigenvalues ofH. The equalization matrix is denoted as G =˜ −1 according to the ZF criterion. From (15) , if the PA is used to improve the HC performance, the received signal is expressed aŝ
where (42) is reduced to (15) with the sufficient CP µ ≥ L.
V. NUMERICAL RESULTS AND DISCUSSION
The derived BER expressions in (17), (19) and (28) are verified by the Monte Carlo simulations with 512 QPSK modulated subcarriers in one data block. In Fig. 3 , Fig. 4 and Fig. 6 , the relative delay of each path is [0, 100, 200, 300, 500, 700]ns versus 10Mcps chip rate, and the average power of each path is [0, −3.6, −7.2, −10.8, −18, −25.2]dB. In order to guarantee the randomness of the fading channels, 1000 independent channels are generated for each situation, and hundreds of simulations are operated over each channel.
As shown in Fig. 3 , the proposed MMSE PA is proven effectively to improve the BER performance of the HC scheme, and the simulation curves match well with the derived ones. Since the PA strategy of SC is an optimal one, the MMSE strategy of HC could be considered as a suboptimal one due to the contained SC components. However, the MMSE PA leads to a decreased rate of OFDM illustrated in Fig. 4 . Fortunately, the proposed MMSE PA strategy still upgrades the AR of HC due to the SC contribution. In addition, the optimal SC PA causes a PAPR increase, whereas the MMSE PA strategy of OFDM has no influence on the PAPR performance given in Fig. 5 . As a result of the contained MC components in HC scheme, there is a slight PAPR performance deterioration of HC with the proposed MMSE PA strategy. Therefore, the MMSE PA in the HC scheme not only fulfills the BER and AR improvements with the slight PAPR performance deterioration, but also achieves a performance tradeoff between the OFDM and SC systems.
The similar conclusion could also be obtained in the HC scheme with the EG PA. Although we have not given their simulation BER results, the same BER of the MC, HC and SC schemes could be inferred according to (19) shown in Fig. 3 . Note that, there is an intersection of the BER atγ , which is depended on the channel response proven in [33] , and the SC system performance is the best in the interval of γ >γ . Therefore, the EG PA strategy is also useful for the HC scheme, whereas there is no effect on the SC system. Moreover, a tradeoff between the BER, AR and PAPR performances could also be expected in the HC scheme with the EG PA.
Furthermore, the BER of HC with the AMBER PA is shown in Fig. 6 . Note that, those subcarriers with weak channel conditions may be abandoned and thus a better BER could be captured in comparison with the MMSE PA strategy. However, the problems of the AMBER PA are also obvious. On one hand, the resource utilization is reduced as a result of the discarded subcarriers and even there are extremely few subcarriers left in some cases according to the criterion. On the other hand, the complexity is significantly increased due to the calculations and iterations at each γ . Compared to the OFDM system, the complexity could be reduced in the HC scheme for fewer discarded subcarriers owing to the dynamic decision threshold. Therefore, the AMBER PA of HC not only achieves a tradeoff between the BER and complexity, but also fulfills a smooth conversion between OFDM with the AMBER PA and SC with the optimal PA.
In Fig. 3 , the BER of HC with the MMSE PA is given without introduced interference. Therefore, the anti-interference properties of the HC scheme with PA are investigated to further illustrate the merits of the proposed framework. The BER performances of the SC, HC and OFDM schemes with insufficient CP are simulated in Fig. 7 performance distortion of the SC system in comparison with a relatively slight effect on the MC system. Comparatively, as a result of the coordinated energy distribution, HC not only inherits the optimal performance of the SC system with PA, but also keeps the robustness against IBI due to the contained MC components. As shown in Fig. 7 , compared to the SC system, there is a slight performance degradation of the HC scheme without PA, and thus the performance advantage of the HC scheme is gradually obvious with the increase of SNR. Combined with the proposed MMSE PA, the better BER performance is clearly obtained in the HC scheme compared to the OFDM and SC systems with the same PA strategy.
VI. CONCLUSION
In this paper, the PA strategies of OFDM and SC are unified in the HC framework with the flexible transition between the MC and SC. The analytical BER expressions of the HC framework with an arbitrary PA strategy are derived and verified by simulation results, where the EG PA and MMSE PA are specifically illustrated. The tradeoff performances between the BER, AR and PAPR are obtained in the proposed HC framework with the MMSE PA. The AMBER strategy, which is a combined PA and SA method, is firstly employed in the HC framework. The abandoned subcarriers are determined by the dynamic threshold according to the WFRFT order, and the tradeoff between the BER and complexity is achieved. Considering the proposed MMSE PA and insufficient CP, a BER gain is achieved in the HC scheme in comparison with the MC and SC systems. 
